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We consider an asymmetric zero range process in infinite volume with zero mean 
and random jump rates starting from equiUbrium. We investigate the large deviations 
, from the hydrodynamical hmit of the empirical distribution of particles and prove 

^D . an upper and a lower bound for the large deviation principle. Our main argument is 

based on a super-exponential estimate in infinite volume. For this we extend to our 
f— s ■ case a method developed by Kipnis & al. (1989) and Benois & al. (1995). 
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■ ^- ' 1 Introduction 

The so called zero range process is one of the simplest particle systems that has been 
systematically and successfully investigated in random or inhomogeneous media in the 
last few years (see for instance Benjamini & al. (1996), Evans (1996), Krug-Ferrari (1996), 
Landim (1996), Gielis & al. (1998), Bahadoran (1998), Seppalainen-Krug (1999), Koukkous 
(1999), Andjel & al. (2000)) . 

ff'^^IMECC-UNICAMP, P.B. 6065, 13083-970, Campinas, SP, Brasil. 



The zero process can be described informally as follows. Particles are distributed on 
the d-dimensional lattice Z'^. Each particle at site x of Z'^ jumps, with a rate depending 
only on the total number of particles standing at this site, to the left or to the right. 

In what follows, we consider a sequence of random variables p = (Px)xGzd {called an 
environment) in [flojOi] (where < ao < Oi < oo). According to p the jump rates of the 
process are accelerated or decelerated by the value px at site x. 

Benjamini & al. (1996) have studied the asymmetric version of a zero-range process 
in infinite volume when the environment is an i.i.d. sequence of random variables (with 
ai = 1) and have proved the asymptotic hydrodynamical behavior of the system. Koukkous 
(1999) proved the hydrodynamical limit in the symmetric case for a stationary and ergodic 
environment whose marginal law is absolutely continuous with respect to the Lebesgue 
measure. In particular he showed that the empirical measure of particles converges in 
probability to the weak solution of a non-linear diffusion equation which does not depend 
on the environment p and generalized in this way some results of Benjamini & al. (1996). 

The equilibrium fluctuations (Central limit results for the density field) were studied in 
G. Gielis & al. (1998). They proved that the density field converges weakly to a generalized 
Ornstein-Uhlenbeck process. 

Recently, Andjel & al. (2000) showed the convergence to the maximal invariant measure 
for an asymmetric zero range process with constant rate in inhomogeneous or random media 
in dimension 1 starting from an upper-critical non-equilibrium measure. 

In this spirit of hydrodynamical behavior investigation, a natural open question can be 
formulated as follows: From the hydrodynamical limit of the empirical measure with some 
continuous density /i(-) (with respect to Lebesgue measure) and given an event F for which 
/i ^ F, how to control the "devianf behavior of the system inside F ? This is the subject of 
large deviation principles (LDP) related to hydrodynamical limit of the empirical measure. 

In this paper, we investigate this question for a rf-dimensional zero mean asymmetric 
zero-range process in random media. In the deterministic case, the LDP results have been 
treated by many authors among which Landim (1992), Benois (1996) and Benois & al. 
(1995). In this last article Benois & al. gives an upper and a lower bound of the LDP in 
infinite volume for the empirical density when the process starts from equilibrium. The 
crucial ingredient of their arguments focuses on the so-called super-exponential estimate: 
it consists to approximate, by some rigorous functions of the density field, the correlation 



field obtained by computing some exponential martingales related to the jumps of particles 
(see Kipnis & al. (1989) and Donsker-Varadhan (1989)). Once one prove this result, the 
LDP (and also the hydrodynamical limit) for the empirical measure is obtained by standard 
arguments. 

In random environment, the difficulty relies on the absence of translation invariance 
of the invariant measures of the process. For this reason our approach will also use some 
results of Koukkous (1999). 

The paper is organized as follows: in Section 2 we introduce the notation and assump- 
tions used along the paper and state the main results. Section 3 is devoted to the proof of 
the super-exponential estimate. In the last section we give a proof of the upper bound of 
LDP result. We omit the proof of lower bound since, once one has proven the upper bound, 
it is similar to the arguments given in Benois & al. (1995) without major modifications. 

2 Notation and results 

Let < ao < ai < oo and consider a sequence of random variables {px, x G Z'^} on [a^, Oi] 
distributed according to an ergodic stationary measure m, such that its one-dimensional 
marginal law is absolutely continuous with respect to the Lebesgue measure. We assume 
that m{p '■ aQ < Pq < ai} = 1 and for every e > 0, m{p : Pq G [cq, Cq + e)}m{p : Pq G 
(ai — e, fli]} > 0. 

We denote by X^^ := N^ the configuration space and by Greek letters rj and C, its ele- 
ments. As usual ri{x) stands for the total number of particles at site x for the configuration 
1]. For each environment p, we are interested in the Markov process (^t)t>o on X^ whose 
generator is defined by 

{CJ){v)= Y: pMv{x))T{x,y)[f{r^^'y)-f{r^)], (1) 

where / : X^ ^ M is a bounded cylinder function, that is / only depends on rj through a 
finite number of coordinates. T(-, ■) is a transition probability on Z'^. The function g is 
positive and vanishes at 0: g{0) = < g{k) for all k > 1. In the previous formula, rj^^'^lz) 



is the configuration obtained from rj wlien a particle jumps from x to y: 



rj{z) a z ^ x,y 

r]{x) — 1 a z = X 

^ viy) + 1 a z = y . 



For every non-negative real ip we denote by z/^ the product measure on X^ whose marginals 
are defined by 

Kiv ■■ V{x) = k}= ^ ^^'^^/S ^ f°^ ^11 ^ ^ 0' 

where g{k)\ = g{l)g{2)...g{k) if fc > and g{0)\ = 1. Under some hypotheses (for instance 
[HI] and [H2] in what follows), those measures are invariant for the process. In this formula, 
Z : K+ — i> R4. is the partition function 

Let (f* be the radius of convergence of Z{-); we assume that 

lim Z{<^) = +00. (2) 

Denote by I'ipi-) '■= i^i(-) the invariant measure of the process {rit)t>o when m is the Dirac 
measure concentrated on the set {p : Px = l,x & Z'^} (see Andjel (1982)). We define 
M : [0, (f*) — > M+ by M{ip) = i^,p[ri{0)], the expected number of particles at with respect 
to u^. 

A simple computation shows that M{(f) = (fd^logZ{(f) and from assumption (^ we 
check that M is an increasing, continuous, one-to-one function from [0,(y9*) to R+. 

We define the "density" of particles {i.e. the expected number of particles at 0) with 
respect to the random media by the continuous and increasing function R : [0, aQ(p*) -^ R+ 
such that 

R{ip) = m[M{^p,')] 

and in order to ensure the existence of an invariant measure for any given value of the 
density, we assume that 

lim R{(p) = cxD. (3) 



Under this assumption the function R is one to one from [0, ctoV^*) to M+. We denote by $ 
its inverse (which is also a continuous increasing bijection). 



For a density p > we write 



< = ^lipy 



In the following we state all the hypotheses assumed throughout this paper. 

[HI] The transition probability T(-, ■) on Z'^ is a zero-mean irreducible translation 
invariant probability with finite range. That is 

T(x, y) = r(0, y-x) =: T{y - x), 
there exists a constant A > such that T{x) = if |a;| > A 
and ^ X T{x) = 0. 

[H2] The rate function g has bounded variation: 

g* = sup \g{k + 1) - g{k)\ < cx). 

k 

Under the hypotheses [HI] and [H2] there exists a unique Markov process with corre- 
sponding generator defined by (|l]) for the deterministic case i.e. p = 1 (see Andjel (1982)). 
Andjel's proof applies also in the case we consider. 

Let {<^ij){i<i,j<d} be a symmetric nonnegative definite matrix defined by the covariance 
matrix of the transition probability T(-): 

^ij = J2 yiVjTiy) where y = {yi,- ■ ■ ,yd). 



[H3] In order to avoid the degenerate case of the hydrodynamic equation, we assume 
{'^ij){i<i,j<d} to be a positive definite matrix. That is there exists k > such that 

y^ aijXiXj > K ^ x^, for all x = {xi, ■ ■ ■ , Xd) G R"^. 

id i 

[H4] To ensure some finite exponential moments of rjlx) under the measures ly^ we 
shall assume that there exists a convex and increasing function u : M+ — > R+ such that 
(i) u{0) = 0, 
(ii) lim^^nof^^^) = C)0 and 



^z— >oo 



X 



(iii) for all density (f there exists a positive constant 6 := 6{f) such that 



jy^ 



exp{9u;{r]{0))} 



< cxo. 
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This last assumption ensures also that Z{-) has infinite radius of convergence. It holds for 
exemple if g{k + 1) — g{k) > g^ for some constant g^ and k sufficiently large. 
We will denote by ui* the Legendre transform of ui given by: 

uj*(x) = svip{ax — uj(a)}. (4) 

In the next paragraphs, we define the state space of the process and its topology. Denote 
by C{R'^) (resp. C/^(M'^)) the space of continuous (resp. with compact support) functions 
on K'^ with classic uniform norm. Let A4+ denote the space of positive Radon measures on 
R"^ with the weak topology induced by Cxi^''') via {tt,H) := JH dn for H E Ca-(M'^) and 

n e M+. 

We fix a positive time parameter T > 0. For each realization of the environment p 
and all fixed positive density p, P^p will denote the probability measure on the path space 
P([0, T], Xd) corresponding to the Markov process {i]t)te[o,T] with generator N'^Cp starting 
from the measure z/^. By E^^ we denote the expectation under P^ . 

Let vr^ be the empirical measure defined on V{[0,T],Ai^) by 

7T^{du) = ^ 51 Vt{x)S^/N{du), 

for < t < T. Let Q^ denote the measure on the path space -D([0, T], A1_|_) associated 



to the process tt with generator N Cp starting from v 



p 



To investigate the large deviations of the empirical measure, we shall consider some 
small perturbations of the zero range process as mentionned earlier. For this, we will need 
the following notation. 

Let Cf( ([0, T] xW^) denote the space of compact support functions with / G N continuous 



derivatives in time and A; G N continuous derivatives in space. Let Cp{R'^) be the set defined 



ivaiivcs lii Liiiic aiiu. a. c i'^ uuiiiiiiuuus uciivanvcs iii &pauc. uci ^-'p^^JJ^ 
by 



Cp{R'^) = C(M'') n {-u : K'^ ^ IR+; u{x) = p for |a;| sufficiently large}. 

For a fixed 7 in Cp{R'^) and for some smooth function H in Cj^ ([0, T] x M^) we consider 
the Markov process generated by 



where / is a cylinder function. Let v^ ^ be the initial product measure of this process with 
marginals 

z/^jv{^,^(a;) = k} = uP^^/^^{r],r]{x) = k} 

for all X Elf^ and A; G N. We therefore denote by P^'^ and Q^'^ the small perturbations of 
P^p and Q^p respectively. 

For any path tt. G 'D([0, T], A^+), denote by Ut the Radon-Nikodym derivative of tt^ 
with respect to the Lebesgue measure A: Ut := -^. Let A = A{p) be the space path of 
vr G ^([0, T],Ai^) such that Ut is the solution of the PDE 

.J.. f dtu = ia/2)Amu)) - Eti d,XHu)d..H) 

[u{Or) =7(-) • 

for some 7 G Cp(M'^) and some -ff G C^ ([0, T] x W^). A stands the Laplacian operator. 

The following notation is devoted to the definition of the rate functional of the large 
deviation principle for (7r;'^)o<f<r- 

For H G C]f{[0,T] x R'^), we define Jh : V{[0,T],M+) ^ M U {00} by 

where 

Jhi.-^) = (ut, Hr^ - (uo, i/o) - J^ (ut, dtHt^ dt, 

Jh{^) = y^''{Hnt),J:{dlMt + (d^M^)) dt, 

such that Jh(-) = 00 outside ©([O, T],7V1+) or if nt is not absolutely continuous with 
respect to the Lebesgue measure A for some <t <T. 

We are now ready to define the part of the large deviations rate function, Xo(-) : 
V{[0,T],A4^) -^ [0,00] coming from the stochastic evolution: 



Jo(7r) = sup Jh{t^)- 



-ffec^^do.rjxRd) 



The other part of the large deviations rate function coincides with the behaviour of 
deviations coming from the initial state. Let h{-\p) be the entropy defined for a positive 
function 7 : K"' ^ M+ by 



M7|P) - I 7(.) log (^) - K. [ log ( UflwV ) 



' zm^{x))p^ '] 
zmp)Po') 



dx. 



Thus, the rate function of the large deviation principle is defined for a density p > Ohj 

Ip{n) =Xo(7r) + h{uo\p). 

From now on, for each x G Z'^, we denote by ri''{x) the mean density of particles in a 
box of length (2/ + 1) centered at x : 



77' (a;) 



(2/ 



Ty ^ ^(^)- 
^ l?;-^l<« 



For each cylinder function ^ : X^ ^ K, we define 



\l'(p) := m 
and we say that \1' is a Lipschitz function if 



-S(.)(^) 



(5) 



3A;o G N and Cq > such that 



^(r?) - ^(0 



<C0 E 

|z|<fco 



77(3;) - ^(x) 



for all f] and ^ in X^^. 



Denote by t^ the shift operator defined by Tx'^{ri{-)) := ^(r2;?7(-)) where Txi]{y) = ri{x + y). 
We can now state our results: 



Theorem 2.1 Let "^ be a cylinder Lipschitz function and H G C^ ([0,^] x IR^) 
hypotheses [HI] to [H4], for all 6 > we have 



lim lim — 7 loe 

£^0 N->oo N'^ 






r 



<f(t,r]t)dt 



>6 



-00 



Under 



(6) 



m-almost surely, where 



W^;e{t,v) = ^,j:H{t,^/N) 



Nd 



T^^ir])-^ir]'''ix)) 



This theorem, called the super-exponential estimate, will be a crucial argument in the 
proof of the following large deviations principle: 

Theorem 2.2 Under hypotheses [HI] to [H4], for every closed subset C and every open 
subset O ofV{[0,T],M+), we have 



and 



nm_supi,logg-,(C)<-mfW 



1 ^ ^N 



liminf — logQ^JC) >- inf iJn) 
m-almost surely. 

Remarks 

Before starting to prove our results, we would like to mention some facts and claims 
that will be used and whose proofs are omitted. For more details the reader is refered to 
Kipnis-Landim's book (1999) and Benois & al. (1995). 

[Rl] From Lemma 1.3.5 of Kipnis-Landim's book (1999), the function defined by 
(f — > u^p for (f > 0, is an increasing function (see also the proof of lemma 4.3 in Benois & 
al. (1995)). Therefore, assumption [H4] implies that for a fixed environment p defined in 
the beginning of the last section, for all x E if" and </? > 0, there exists 6 := 9{x,ip) > 
such that 

u^ exp {9uj{ri{x))} < oo m-almost surely. 

[R2] Assumption [H4] ensures that the function u* defined by (^) is also a continuous 
convex function such that uj*{0) = 0. 

[R3] A simple computation shows that from the second condition in [H4], for every 
e > the function uj'^{r) — er is negative for each r > C2{e), for some constant C2{e) 
dependent only on e. 

[R4] By definition of cu in [H4], the function defined on R^ by n(r) = ^^^ is an 
increasing function. 

[R5] For each cylinder Lipschitz function \l/(-), the function \l/(-) given by (^ is also 
a Lipschitz function (see Lemma 1.3.6 of Kipnis-Landim (1999)). Moreover one can check 
that \1'(A;) < Ck for all k E Z for some constant C. 

The strategy we adopted to prove the results is similar to the one presented in Benois 
& al. (1995). However, we need some arguments developed in Koukkous (1999) in order 
to overcome the lack of translation invariance of the invariant measures for the zero range 
process in random media. We will thus focus only on the main differences. 

From now on, to keep the notation simple, we will restrict our study to the one- 
dimensional case. The reader can extend the proofs to any dimension without any dif- 
ficulty. 
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3 Proof of Theorem |2t1| 



Let G be a positive continuous function on R defined by 



G{x) 



sup m8.x\\Hiy)\,\dyHiy)l\d'yHiy)\ 

y£[x~l,x+l] 



(7) 



We have 






Jo 



1.N 
' P,P 



+'. 



' P,P 



/;fi:G(^)-taM)*>*/2; 



for every /3 > 0. 

By Tchebycheff exponential inequality the first term in the left hand side in (j^) is bounded 

above by 

rT 



exp{-Ne6/2}. 






exp^l^ i^NWlJ;^it,Vt) - /3j:G[^)ujivtix))^ dt 



for every 6 > 0. 

Therefore, we have to prove two Lemmas: 



Lemma 3.1 For every G G Ck{R), 



lim lim — log Pf „ 



[ l^Y.G{x/N)uj{r^,{x))dt>A 



-oo 



(9) 



m- almost surely. 



Lemma 3.2 For any > and /? > 



lim lim -— log E^„ 
m- almost surely. 



exp0^^{<f (t,r^,) -/3EG'(^)c.'(^t(x))} dt 



0. (10) 



Proof of Lemma |3.1| . 

Using respectively Tchebycheff exponential inequality and Jensen inequality, we show that 
for every positive constant 6, the logarithmic term in (P) is bounded above by 

1 f^ 



-e AN + iogE';^p 



^l exp|5:^TG(x/iVV(r^,(x))}dt 
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From the begining of [Rl] and since the product measure z/^ is invariant for the process and 
Px £ [«0;Cti]; a simple computation shows that the right hand side term in (^ is bounded 
above by 



1 



hm hm inf < — 6A + —-Y^ log z^<j,/„-,„-i 
A^oo N-.00 e>o\ N ^^ ^'^'''"■o 



exp\9TG{x/N)iu{ri{0)) 



'ir 



Let 5 > be such that 

suppG C [-B,B]. 

From [H4], there exists ^o > such that 



'HpK' 



exp\9oT\\G\Uu;{r]{0)) 



< CXD. 



The lemma is proved in fact that ([TT|) is bounded above by 
TSr ( - ^0^ + 251ogi/^, . -1 \e{(^or\\GUuMo))} 

Proof of Lemma |3.2| . 

Let 

nr/)=^{iV<f(0,r^)-/3EG(- 

Let Cy be the generator N'^Cp + V and Cy* its adjoint operator, which is equal to N'^C^+V. 
If we denote by S^ '^ the semigroup associated to the generator £y, by the Feyman-Kac 
formula the expectation in the lemma is equal to 

{sl'n,i)< {sln,s}j-n)"^. 

Now, if we denote by Ay the largest eigenvalue of the self-adjoint operator Cy + Cy* , 



By Gronwall's lemma we show that 

(S'^'n,5^'n)<exp|rAy|. 



(12) 



Recall that we did not assume T(-) to be symmetric and therefore v%ip\ can be non- 
reversible for the process. However, at this level, our study is dealing with the reversible 
generator N'^{Cp + £*). Thus we can assume the generator Cp to be reversible and T(-) 
given by T(x) = (l/2)l{|^.|=i}. 



Let 
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ix,x+i{f) = 2 I Vxgijiix)) 



\/7(^f^-V^l'^ 



<{ dr/), 



and -Dp(-) the Dirichlet form given by 

X 

Using the variational formula for the largest eigenvalue of a self-adjoint operator (see 
appendix A3.1 of Kipnis-Landim (1999)), from (|T2|) we reduce the proof of the lemma to 
show that for every positive 9 



I'^jsisi-pj/^r"'"'-^?^©"'"*"" 



/(r,)P'( d,) - ND,(f) < 0. 



The supremum is taken over all positive densities functions with respect to z/^. 
We use now some computations from Benois & al. (1995) and Kipnis & al. (1989). Let 

^' ^ ^ \y\<i 
In this way, we can rewrite the term 



N 



\N 



as 



m<^ 



Tx'^iv) 



21 



"Y E ^j/^(^) 



iE{^(|)^.^.^(.)-tH^ )-(.(-)) 



\y~x\<l 



fG(^).(,(x)) 



■m<^ 



^{t]\x)) - ^(r/"^(x)) 



- f '^(^ l-("(^)' 



From the assumption on \1/, we chek easily that there exist C(\l',p) such that for all a; G Z 
'^{rj{x)) < C{-^,p)r]{x). Then from the definitions of u;*(-) and G(-) (cf. (g) and (0)), the 
first term in the last expression is bounded above by 



■'■ y \v~x\<i 



\y~x\<l 



^ivix))-^G{^^]u;{v{x)) 



<^TG(^')l'-^^&^,ix)-.i,ix)i 



3N 



v^m 



(3N 
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This last term vanishes as A^ t oo since uj*{-) is continuous and uj*{0) = 0. 
Now, to achieve the proof of the lemma |3.2| , we shall prove: 

Lemma 3.3 For any b > 



lim lim sup 



j^i:IH^hw^M-P0{^yM.)) 



/(.,) dii'i d,,) - bND.U) < (13) 



m-almost surely. The supremum is taken over all positive densities functions with respect 



tou^. 



And, thanks to remarks [R5], we have to prove that: 
Lemma 3.4 For any b > 



lim lim lim sup 



N 



E 



H 



rj"^ {x)-ri (x) 



X 



-f3G[j^]u;{v{x)) 



fiv)du'idv)-bND,if)\<0 (14) 



m-almost surely. The supremum is taken over all positive densities functions with respect 



to pp. 



Proof of Lemma |3.3| . 

Using the convexity of u and definition of G, we check that 



N 



E 



H 



^(V(^)) < ^E 



H 



21 + 



- Y. ^iviy)) 



\y—x\<l 



N 



E^(^(^))^7-Y E 



\y-x\<l 



H{y/N) 



< ^E-(.W)K^ 



(15) 



At the beginning, we introduce some notations in order to deal in our study of (|I3|) with 
the boxes of length (2/ + 1). Indeed, the term 



X 



H[j^]T.wr{v)-(^ 



H{- 

N 



Uj{7]\x)) 



depends on rj only through ri{x — I) ■ ■ ■ri{x + /). Thus we may restrict the integral to 
microscopic blocks. Denote by A^ = {—/■■■/} the box of length (2/ + 1) centered at the 
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origin. For a fixed z G Z, we denote by A^^; the box 2; + A/, by x' the configuration space 
N^', by J^^p^z,i ^he product measure i/^^^ restricted to x', by fz^i the density, with respect to 
v^pzii of ^^^ marginal of the measure f{v)^p''^{dv) '^^ ^' ^i^d by D^ ^{h) the Dirichlet form 
on x' given by 

2 



^p,.,zW= E JpMvix)) v^M^-v^ 



|a;-j;| = l 



-P 



p,2,P 



dr/). 



Thus, from (jTSD and since the Dirichlet form is convex (by Schwarz inequality), the 
supremum in the lemma is bounded above by the supremum over all positive densities / 
(with respect to z/p of the term 



^i:{IH^y^M-p 



H 



^(V(o)) 






(16) 



As in the proof of lemma 3.1 of Koukkous (1999) we may now characterize the sites x 

where the environment degenerates (behaves badly). 

Fix S > , a > and n eN sufficiently large such that ^1^ < S. For < j < n - 2, let 

Ij = [Pj,Pj+i[ where Pj G [ao,Oi] is such that 

(3j = ao + (fli - ao) - . 



n 



Let /, 



n—l 



[Pn-1, di] and notice that, for < j < n — 1, we have \Pj+i — Pj\ < S. 



Fix k < I and L = [^^]- We now subdivide A; into L disjoint cubes of length {2k + 1) 
let Bi,- ■ ■ , Bl be such that 



Bi C A;, 



Bi n Bj 



for i ^ j and B^ = Xi + A^ for some Xi G Z. 



We take Bi = A^ and let Bq = Ai-Uf^^Bj. Finally we define Bj{x) = x + Bj ioi < j < L 



and a; G Z . 



Lk,S, 



For xGZ, riGN, 0<j<n — 1 and 1 < i < L, N^J^i (p) is the average number of sites 



y in Bi{x) such that py G /, 



<5. 



A^S'b) 



{2k 



T) ^ ' 



{P.6^*}- 



For a > 0, we let 



Al,k,& 
xA.a 



[p, |<5;f (P) - m{I^)\ < « for all j, 0<j<n- l|. 
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fc,<5 



To keep notation simple, we denote Ao,i',a by A^ ' . Let 



A'i^ = {p, ^Ei 



{peA^::;*}-^-"^- 



From the definition of u* and the property of \l/(-) and \^(-) given in the remarks [R5], a 
simple computation shows that the integral term in (0) is bounded by 



Ci 



\H\\^u' 



l 



/5 



(17) 



Therefore, the supremum over all positive densities / (with respect to v^) of the term 
(p^) is bounded above by 



-E sup sup / H[^]wr{v)-P 



^'^ 



^(,,'(0)) 



H'iK„A Av) - ^^oi„/h) 



+ c.^Ei 



A^ 



-{p^Ai^'=/} 



where Bp is the set of positive density functions with respect to i^^^^i- 

By ergodicity and stationary of the environment law, the second term converges m-almost 

surely, as A^ j oo, to 

Again the ergodicity of m ensures that this expression vanishes as / | oo and k ] oo 
afterwards. Now, let us turn to the first term in (O). If we denote 



the integral term in (|18D is bounded above by 



2C(^) 



H 



Et 



V(o) 



P 



Ei 



2C(^) '^ 



^(V(o)) 



Recall that cu is a convex and increasing function. Thus, by Jensen's inequality, the 
last expression is bounded above by 



2C(^) 



H 



UJ 



-1 



E^ 



c.(V(0)) 






^(V(0)) 



From the remarks [R3], we claim that there exists a finite constant C2 = C2(/3,C(^)) 



such that the integral term in (|TB|) is negative if E^^ 



r/'(0) 



> C2. Let i? > be such that 
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suppH C [—B, B], then from ( |T7| ) and the last claim, we check that the first term in ([1 
is bounded above by 



(2B + l)||i7|U sup 



sup 



.l.k,S f „p,2CiC(l) 



wnv)fivKoA dv) 



where Bf{a, b) is defined for positive constant a and b by 

Bf{a,b) = lfeBf: Dl,,U) < « and E^Ja;(V(0)) 



<by 



The weak topology of the set of probability measures on x' ensures that, by definition, 
Bf{ ^j^2 1C2) is one of its compact subsets. Therefore, by the lower semi-continuity of 
the Dirichlet form, we know that 



lim sup 

N^oo ^ .i,k,s 



sup 

. 2Ci C( 



p&A^^r f^B^CSi£^fi.^ 



< sup sup 



Wnri)f{vK.A dr^) 



wr{n)f{nV,,,A dry) 



(19) 



From the assumption on \i/ (and \E'), for every positive constant C3, the term in absolute 
value is bounded above by 



2C(vl/) / l{V(o)>C3}V(0)/(^)^,%/ dr,) + 



W^*(^)lW(o)<C3}/(^)'^p,o,/( dr/) 



By remarks [R4], the first term in the last expression is bounded above by 



2C(^)( 



C. 



\u{C; 



u{v\0))f{vK.iidv) = 2C{^)( 



a 



\ujiQ 



' X 



^(V(0)) 



< 2C2C{^) 



C, 



UJ{C, 



for all / G Sf (0,(72). From (H4), this last term vanishes as C3 t 00. At this point, we 
achieve by proving that 



lim lim sup sup 



W^*(^)lW(o)<C3}/(^)^'p,o,i( dr]) 



<C{6,a) 



(20) 



where C{6, a) vanishes as a | and 6 10 afterwards. We omit this proof since it is 
developed in the proof of lemma 3.1 in Koukkous (1999). 
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Proof of Lemma |3.4| . 

First of all, we approximate (replace) the average over a small macroscopic box by an 
average over large microscopic boxes. More precisely, for A^ sufficiently large we check that 
1 



N 



E 



H 



7]'^{x)-r]\x) 



< -E 

< -E 



H[- 

N 



H[- 

N 



{2eN 
1 



^^, e_i^'w-'Ax+!')koQi:g(^H 



2l+l<\y\<eN 



(2.iV+l)..,?,..J"'<^>-"'<^ + '^>l4?«(^)'^"'W> 



2l+l<\y\<eN 



Define 



and to keep notation simple, we denote 1^4(77,^,0,0) by WJi(?7,0 and ^7/(77,^,0,0) by 

As in the previous proof, we introduce an indicator function and in the same way as in 
(15), we reduce our proof to show that, for every positive constant A 



lim lim lim sup < — T^ 



""W 



{2eN 



T) S 



(21) 



/(r/)z7,( df]) - bNDpif) < 



Wa{v^ V,x,x + y)- pui{ri, r/, x, x + y) 
From the definition of 

y^ H^Ur], ?7,x,x + y) 

and since r]\x) and ri\x + y) depend on the configuration 77 only through its values on the 
set 

K,y,i ■■= K,i^ (y + K,i), 

we shall replace / by its conditional expectation with respect to the cr-algebra generated by 
{?7(z); z G Kx,y,i}- Some notation are necessary. For all y ^Ij, we define the shift operator 
Oy{-) on environments by (9yp){x) = p{x + y). 

For fixed integer I and environments p and q, we denote by x' the configuration space 
N^' X N"^', by u^'^i the product measure u^^^p z/'^^^ restricted to X^, and by /f ; the 
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conditional expectation of / with respect to the cr-algebra generated by {ri{z); z G ^x,y,i\- 
Thus the supremum in (^Tj) is bounded above by 



t{^? 



E 



(2eAr + i; 



E 

2l+\<\y\<eN 



r.w^A(6,6)-/5^/(ei,6) 



-PfiyP 



f'A^i,^2y;;:i('iO-bND^if) 



Let us turn now to the Dirichlet form of f^yi into microscopic boxes A^^y^i- Let Df''^{h) 
be 

Dr{h) = iinh)+ii,\h)+ Y. CmW+ e C',2W 

z,z'gAj 

z-z'| = l 

where, for each z, z' G A/, such that \z — z'\ = 1, 



Z,z'eA; 

|z-z'| = l 



I'.'tAh) = 1/2 P.giU^)) VMei'%6) - VM6,6) ^UdO, 



F'lJh) = 1/2 g.^(6(^)) VMei,^^'^ ) - VM6,6) ^%^(ciO 



iffih) = 1/2 po^(ei(o)) V/^(er,er) - VMei,6) ^p7,(ci0 



The configurations ^°'''^(-) are defined by 



-o,± 



C'^iz) 



^z) iiz^O 

^(0)±1 if 2 = 0. 



We claim that 



I E 7^^^ E Df-ifly, ) < C{l)e^NDnf). 



(22) 



The proof of the claim is omitted. See Lemma 4.3 of Koukkous (1999) for more details. 
From the same notation in the proof of Lemma p.3| , we separate the sites where the en- 
vironment behaves badly and repeat the computation in the begining of (p!?]). Using ( p2D 
and introducing the indicator function of the environements afterwards, our lemma is a 
consequence of the following results 
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Lemma 3.5 



-J— V Iv 



lim lim liin 

r/i almost surely. 



{e^P^A'^'f} + '^{e.+yPtA'o'f} 



Lemma 3.6 For positive constants a and b, let 



Br{a,b) = \h> 0,E,..Jh] = l,Df^%h) < a,E, 



p,q 



^l{^l,^2 



<b 



lim lim lim lim sup 

fc^oo i— >oo £— »0 Af— »oo ,1 k S 



sup 



W^A(ei,6) <C{S,a) (23) 



where C{6, a) vanishes as a I and 5 | afterwards. 



The lemma ^3] is trivially proved using the ergodicity and stationarity of m. (see 
Koukkous (1999)). 
Since Bf'''i MncT^-^C*!, C2] is a compact subset of the probability measures set on x' x x' 



endowed with the weak topology, by the lower semi- continuity of the Dirichlet form, to 



prove (23) it is enough to prove that 



lim lim lim lim sup sup E^'''' W\{S,i,i2) = 0. 

S-,0 a^O k~^co l~.co i,k,s /igBP>'J(o,C2) \ / 

which is proved in Koukkous (1999) ( see the proof of lemma 4.2 at formula (23)). 



4 Proof of Theorem |2t2 



The proof of lower bound presented in Benois & al. (1995) is easily adapted in this case 
using some computations already developed in the previous proof of super-exponential 
estimate and some arguments presented in the below upper bound's proof. We therefore 
omit details for the reader. 

Let H G C^ ([0,^] X k) and 7 G Cp{M). From Girsanov formula, the Radon- Nikodym 
derivative of IP^'^^ with respect to P^p is given by 



expivjj^(vrf) + /.^/K''|p)-^rEPx^(^s(x))T(y) 



,{H(i,2^)-/f(i,f)} 



ds\ (24) 
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where /i^'^(-|p) : M 



/i?;'^(/i|p) = U,log 



is defined by 

<^(7(-))~ 



Hp) 



-^Eiog 



N 



zm^{x/N))p-': 



Upper bound : 

The proof is deahng only with a fixed compact subset C of V{[0,T],Ai^). To extend 



this resuh to a closed subset, we need exponential tightness for Qp„. It is easily obtained 



p,p' 



thanks to the proof presented in Benois (1996) (see also Lemma V.1.5 in Kipnis-Landim 
(1999)). 

For every q > 1, 



N 



Q..(c) = K. 



dp;f,y/7d]p^;^y/'^ 



dP^,5, 



dP^ 

P:P 



^{n'^&C} 



Let ^s be the approximation of identity defined by {2e) ^l[_£^e](x) and * the classic 
convolution product. 
For < s < T, let 



p,H 



<>(^^ 



a 

2N 



j:{dlH{s, k/N) + [d.H{s, k/N)r}{p,g{v,{k)) - $(r/f (A:))} 



and 



<,h{Vs) = j;^EPf'9{Vs{k))^Y.nj)N' 



^{H{t,h±L).H{t,^)} _-,_ 



--\dlH{s,k/N) + {d,H{s,k/N)f 
From (p4|), a simple computation shows that ( dP^^/ dP^'^v ) is bounded above by 

exp n\^ - J^(vr^) + JKtt^ * C) - h^f{^^\p) + [ {<;^(r/.) + u^^,h(^.)} d^j 
Thus, -^ \ogQ^ AC) is bounded above by 



- sup - :rA(vr^) + JTKtt^ * ^,) - /i!;'^(vro^|p) 
? Tree I ' ^ 



(25) 
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+ N^^S<P 






P,P 



e.p|^r(<^(.,....(.,)a; 



Let if be a real continuous function with the same support as sup^ \Ht\, such that it bounds 
above supo<i<r[|5^^t| + {d.H^)'' + \Ht\]. 

Let Co G N such that suppH C [0, T] x [—(Co — 1), (Cq + 1)]. Using Holder's inequality, 
we show that, for q' ER such that (1/g) + (l/o'') = 1, the second term in (pSj) is bounded 
above by 



log E^ 

3Nq' ^ f^P 



exps 



(3Nq' 



\fAVs) ds-l^'^Y.Hi^Mvsik)) d.)} 



+ 



3Nq' 



7 log: 



p,p 



I g JO 



(26) 



1 



3Nq 



-logE^ 



'P>P 



exp{^(^ri:^(^M.«)- 



Using similar arguments as in the proof of lemma |3.2| ( see (pJ^), we check that the last 
term in ( pB]) is bounded above by 



2Co 



Ri{a,q,H) = -^logz/^(^)^-i 



' ^{^m^-^ivm}' 



which vanishes as a | for each fixed q and H thanks to assumption [H4]. 

From assumption [H2], we check that g{k) < g*k for all k E Z and therefore $(p) < g*p- 
Thus, we repeat the same argument as above, a simple computation shows that the second 
term in (EBf) is bounded above by 



2C 

R2{q, H, N) = j^hgu^^^-^^-i 



A^vio)} 



where /5 = /3(T, g*, H, ai, q, a). 
For each fixed q and H, it is easy to see that R2{q, H, N) vanishes as A^ | cxd. 

Let us turn to the first term in (p6|) and denote Rsi^a, q, H, e) its limit when A^ f oo. A 
similar computation as in the proof of the super-exponential estimate ( see lemma p.2| and 
its proof), gives that 

lim Rsia, q, H,e) = 

for all a > 0, g > 1 and smooth function H. 
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In the other hand notice that by a simple computation and from the ergodicity and 
stationarity of m, we prove that hP'^ {tIq \p) converges (uniformly in vr G C) to h{'-f\p) when 
iVt oo. 

We therefore proved that limjv^oo(l/^) logQ^p(C) is bounded above by 

inf I - sup ( - J^(7r) + JKtt * ^,) - /i(7|p) j + Rz{a, q, H, e) + i?i(a, q, H) I 

H,'y,q,a,e [q ^(zc l ) J 



71,2/ 



where the infimum is taken over all H E Cj^ ([0;^] ^ ^)^ 1 ^ C-p{s), g > 1, a > and 
e > 0. 

At this level, using the continuity of Jh{- * 'de) for every fixed H and e > 0, the 
compacity of C and the arguments developed in (Kipnis & al. (1989)) to permute the 
supremum and infimum, we check that this last expression is bounded above by 

-inf sup \-{-Jlj{Ti) + JJi{Ti*'de)-h{-i\p)\+R^{a,q,H,e) + Ri{a,q,H)\ 

T^eC H,'r,q,a,e [q i ) J 

We conclude therefore our proof by letting 5 | 0. a | and q [\. 
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